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5— i . We consider a quantum cosmology with a massless background scalar 

field 4> B and adopt a wave packet as the wave function. This wave packet 
is a superposition of the WKB form wave functions, each of which has 
a definite momentum of the scalar field <p B . In this model it is shown 
that to trace the formalism of the WKB time is seriously difficult without 
introducing a complex value for a time. We define a semiclassical real time 
variable T P from the phase of the wave packet and calculate it explicitly. 
We find that, when a quantum matter field (p Q is coupled to the system, 
an approximate Schrodinger equation for <j) Q holds with respect to T P in a 
region where the size a of the universe is large and \4> B \ is small. 
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1 Introduction 



The notion of time is one of the most serious problems in quantum cosmology.' 11 
Though this is still controversial, many attempts have been done recently. One 
of them is to utilize the semiclassical approximation. Banks and others assumed 
that the solution to the Wheeler-DeWitt equation has the form of the WKB 
approximation, namely \& WKB = &e^ s ° , where So is the Hamilton's principal 
function, and they introduced a time variable T w , using Sq . 121-1131 They showed 
that , when a quantum matter field Q is coupled to the system, its wave function 
satisfies the Schrodinger equation with respect to T w in the region where the 
semiclassical approximation is well justified. 

It has not yet been clarified how the classical universe emerged from the 
quantum universe. However, it seems probable to assume that the wave function 
of the universe forms a narrow wave packet in the classical region. In this paper 
we will consider a quantum cosmology with a massless background scalar field 
<p B and adopt a wave packet with respect to <p B as the wave function. This wave 
packet is a superposition of the WKB form wave functions, each of which has a 
definite momentum k of the scalar field <p B . Thus, it is expected that the packet 
tends to a classical orbital motion in the classical region. In this model first we 
will show that it is seriously difficult to trace the formalism of the WKB time and 
to define a time variable for the Schrodinger equation of <p Q without introducing 
a complex value for a time. 

Several years ago Greensite and Padmanabhan advocated a time variable T E 
by requiring that the Ehrenfest principle holds with respect to T E . [141[15] If this 
Ehrenfest time T E exists, this is proportional to another time variable, a phase 
time, which is derived from the phase of an arbitrary solution to the Wheeler- 
DeWitt equation. However, recently Brotz and Kiefer showed that the Ehrenfest 
time T E does not always exist, since the constraints on T E is considerably severe. [16] 
On the contrary it is possible to define a phase time which is real, as long as the 
phase of the wave function is not constant. 

We will introduce a real background phase time T P and calculate it explicitly 
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when the width a of the wave packet is narrow and the size a of the universe is 
large. The phase time T P will be compared to T w which is derived by a WKB 
form wave function with a momentum Ko where the wave packet has a peak. It 
will be shown that T P is a smooth extension of T w and they become identical 
in the narrow limit of the wave packet. It is important to examine whether an 
expected dynamical equation that is a Schrodinger equation for <p Q with respect 
to T P can be derived. We will find that an approximate Schrodinger equation for 
(f) Q holds with respect to T P in a region where the size a of the universe is large 
and \(p B \ is small. 

In §2 we first review the WKB approximation and T w , and we construct a 
wave packet from WKB wave functions. Next we show that it is seriously difficult 
to trace the formalism of the WKB time and to define a time variable. 

In §3 we introduce a background phase time T P , calculate its explicit form 
and compare it with T w . 

In §4 we examine whether an approximate Schrodinger equation for Q can 
be derived. 

We summarize in §5, and the appendix is devoted for the detailed estimation 
of the approximations used in §2 and §3. 



2 Wave Packet and Difficulty in Definition of 



We consider the following minisuperspace model in (n+l)-dimensional space-time 
Ji7] Though n = 3 in reality, we calculate in the more general case. The metric 
is assumed to be ds 2 = —N 2 (t)dt 2 + a 2 (t)d£l 2 l , where dQ^ is the flat metric. We 
take a massless background scalar field s (t) and a quantum matter field 4> Q {t) ■ 
The Wheeler-DeWitt equation for a wave function \l/(a,0 B ,0 Q ) reads 



Time 




Poo 



d_ 

da 




(1) 
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Here 7i Q (a, <f> B , (f> Q ) is the Hamiltonian constraint for the quantum matter field 
4>q, poo is a parameter of operator ordering, A is a cosmological constant, v n is 
the spatial volume, and we assume that v n is some properly fixed finite constant. 
In order to look for a WKB solution to Eqs. (1) , write 



M/(a,0 s ,0 Q ) = $(a,0 s ,0 Q )e^ ^ . 
Substituting Eq. (2) to Eqs. (1) and equating powers of U , we obtain 



dS \ 2 + 1 



%h 



2v n a 



n-2 



dSo 

2v n a n ~ 2 V da ) ' 2v n a n \d<f) B 
d 2 S ^ + 2 dSodl + P oodSo^ 



da 2 



da da 
o 



d 2 S c> 



$ + 2 



a da 
dS <9$ 



+ U(a) 



+ H Q <5> =0 



(2) 



(3) 



(4) 



2v n a n V (90| ~ d<p B d<p B , 
where we have regarded that 7i Q is the order of Ti and ignored the terms in the 
order of h 2 . The equation (3) is the Hamilton- Jacobi equation for the grav- 
ity coupled with a background scalar field, and So is the Hamilton's principal 
function. 

Let us write the solution $ of Eq. (4) as $ > when there is not the quantum 
matter field (f> Q , that is 



2^0, oo^o^o VoodS, \ 1 fd 2 S ^dS d% 

C~ I o 9 ^0 + ~ 1 n ,9 ^0 + z 

oa l oa da a da J a 1 



Now we write 



^(a,0 s ,0 g ) = $ o (a,0 s ) e^ a ^ ^(a,0 B ,0 Q ] 



= 0. (5) 



(6) 



Then from Eqs. (4)- (6) we obtain 

c\ dS dip 1 dS dip 



ih 



_v n a n 2 da da v n a n d<j) B d<j) 
If we define a time variable T w as 

4 dS dT w 1 dSodT, 



+ n Q i) = o . 



(7) 



+ 



v n a n 2 da da v n a n d<p B d(j) 



= 1, 



(8) 



Eq. (7) can be written as 



■* d ^ n-i i 



(9) 



This is a Schrodinger equation, so T w is a semiclassical time variable in the WKB 
approximation. 121 " 1131 

As in Ref. [17] Eqs. (3), (5), (8) can be solved by the separation of variables, 
and solutions are as follows. 



S 
Is 

$ 



Iwi 

I\V2 



e a 

— *s 

c„ 



K(p B + const. , 



1 

n 

i --Poo , o„ 9 \ — I 

c^a 2 (e v a + k ) 4 

1— Poo , o 9\_1 

a 2 (e v a + k) * x 
x jc - 

, 70s 



(7 = 0), 



2k 



J da a 2 



An 



(e v a 2n + k 2 Y 



e„v r 



: ln a + r w ((f> B ) 



-(^ivi - fn^) + -0b + const. 

1 



(7^0) : 

(« = 0) , 
(« + 0) , 



■In 



a 2n + ^ 



ft 



2nft V \Je v a 2n + ft 2 + ft 



1 



-In I 



\/e v a 2n + ft 2 — */e^ 



2n Ve^ V Ve^a 2 ™ + ft 2 + JT v a n 



(10) 



;n) 



(n-l+p DO ) 7 n 7 ft e a7 1 



(12) 

(13) 
(14) 



where e a = ±1, e„ = 4t> 2 A/167rG , Tw(<t> B ) is any function of <p B and ft, 7, £, are 
arbitrary constants. We can identify ft as the momentum of (j) B . 

This WKB time T w is very natural as a semiclassical time variable in the 
region where the WKB approximation is well justified J 11 )-' 13 ! However, this for- 
malism crucially depends on the assumption that the wave function has the WKB 
form (2) . How can we define a time variable, if a wave function \l/ is a superpo- 
sition of the WKB form wave functions, for example, \I/ is the following Gaussian 
wave packet? 
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* = #0^, (15) 
*o = / cIkA(k)^ kb (k), (16) 



1 r (k - /to) 2 



2tT(7 



= -=^exp-^— = $ («)e** W , 



2(7 



where « an d c are arbitrary constants, $o( K )) So( K ) are given in Eqs. (10) - 
(12), and ip = if) (a, <f> B , <f> Q ) is a wave function for the quantum matter field <p Q . 
Note that, in the limit a — > , \t> becomes identical to ^>^ KB . 

First let us try to trace the formalism of the WKB time and to define a time 
variable for the wave packet. Substituting Eqs. (15), (16) to Ees. (1) and using 
Eqs. (3), (5) , we obtain 



J dKA<5> e% So 



t I , 1 : \ III' !! 1 I , 1 l 1 III' 

, (17) 



r i cj dSpthp 1 dS dip . fi 

v n a n ~ 2 da da v n a n d<p B d<p 



where we have neglected the higher order terms in H . This gives 

ih W s = W ' (18) 
9 f r a,t.wkb( c l ds o d 1 dS d 



dT, 



- fdKAV WKB ( <-2£l± + J-^l-t.\ (i 9 ) 

- J I v n a»-* da da + v n a" d<p B d<f> B ) 1 ' 

J dnA^ KB 



At a glance this seems a Schrodinger equation with a time T s . However, T s can 
not be a real variable in general. Therefore it is difficult to define a time variable 
in this way. 

3 Phase Time 

Next let us introduce a background phase time T P . We write the background 
wave packet \l/ i n Eqs. (16) as 

= pe* 9 , (20) 



where p and 6 are real, that is p and f are the absolute value and the phase of ^ 
, respectively. If we replace £0 in Eq. (8) with 9 and define a background phase 
time T P as 

el dear P | 1 m bt p _ x 



v n a n 2 da da v n a n d(j) B d<p B 
we can obtain a real time variable T P . 

However, the problem is whether an expected dynamical equation that is a 
Schrodinger equation for 4> Q with respect to T P can be derived or not. Note that 
our background phase time T P is a little different from the phase time which is 
proportional to the Ehrenfest time T E J 14 ) - ' 161 The latter phase time should be 
defined by the all over phase of a solution \1/ to the Wheeler-DeWitt equation and 
depend on not only background fields a, S but also the quantum matter field (f> Q 
. Before we examine the Schrodinger equation, let us calculate T P explicitly and 
compare it with T w . 

For simplicity we choose p oa = 1 , 7 = . Then Eqs. (16) can be written as 

^0 = c^J dKA(K)e f{K) , (22) 

i 1 

}\k) = (p(n) + jtSo(k) , <p(k) = --ln(e„a 2 " + k 2 ) , 

where the last equation means $0 = c^e^ . If we assume that A(k) has a narrow 
peak at k , namely a is small, then So and <p can be expanded around kq . 
We neglect higher terms than (k — k ) 2 and integrate with respect to k , and we 
obtain 



f+ 



<T 2 f' 2 



(23) 



2(1 -a 2 f")- 

where / means and prime means a partial derivative with respect to k 

namely /' = §£(/Co) • 

Suppose we assume a 2 is small enough to satisfy 

l»^ 2 in (24) 
and neglect higher terms than a 2 , we have 

*o = c exp[/ + ^(f 2 + f)] . (25) 



Let us consider the case when the size a of the universe is large enough to 
satisfy following conditions, 

\S' '\ » |y^ |, (26) 
S' 2 » h 2 W 2 + v"\ ■ (27) 

Detailed estimation of these conditions is given in the appendix. In this case p 
and 9 in Eq. (20) can be written as 

2 

p = %(^)ex P [-^S' (K ) 2 ] , (28) 

2 

= S (k ) + y^K) , (29) 

where we have ignored higher order infinitesimals. 

At this stage it is interesting to mention a relation between the trace of the 
wave packet peak and the classical path. When So in Eq. (10) is written as 
So = ^Is{a, k) + k {(j) B — a) with an arbitrary constant a, the classical path is 
derived from 

S^=0 (30) 

according to the Hamilton- Jacobi theory. Since the parameter (5 is additional 
and can be absorbed by a , we can set as 

S' = (31) 

in this case. The peak of the wave function is obtainable from Eq. (28) . If 
we take the lowest order WKB approximation, we arrive at the classical path 
equation (31) by setting S' (kq) = as a peak of the amplitude p . 
/From Eqs. (10), (29) we find Eq. (21) becomes 

e a c n [e 2 v a An + e v {2nl + ^)a 2n + 4\dT P k 0T p 



+ ^^ = 1> (32) 



v n a n ~ l (e v a 2n + k§)s da v n a n d^ E 

and this can be solved by the separation of variables. After some calculation the 
result of T P is 

T P = — €aVn \Ja 2n + p)+r P {<p B ) («o = 0), (33) 
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'PI 



= — ((I P1 - v n Ip 2 ) + —(ps + const. 

(e v a 2n + « 2 )§ 



v^o + 0) 



/da— ^ 

J aleia 



[e 2 a 4 " + e,(2/ t 2 1 + f)a 2 ™ + 



In 



OL\ — 



2(S+-Sr)(^-S+) a, + ^f 



'P2 



(Ef-Er)(£r-«§ 

= /da 



-arctan 



1 ai - k 
In 

2/t CKi + K 



a n - 1 (e v a 2n + k 2 )2 



e 2 v a in + e v (2n 2 + zL)a 2n + k 



41 ' 

oJ 



In 



«2 



2(S+-S 2 -)(e„-S+) a 2 + ^ 



-e; 



(E 2 — E 2 )(E 2 — e v 



- arctan - 



«2 



1 



-In 



«2 - ve„ 



(34) 



where rp(0 s ) is an arbitrary function of (f> B , ( is any constant in the separation of 
variables, oi\ = \J c v a 2n + Kq, a 2 = \[e v + ^\a~ 2n , Sf = (— o^iyV 4 + 8a 2 Ko)/4, 
Ef = (— <7 2 e„ ± \fo- 4 + 8a 2 Kq e v )/AK^ , and we have assumed A > . We find 
from Eqs. (13), (14) and (33), (34) that, when k in Eqs. (13), (14) is replaced by 
K 0) £ — C i T w — t p an d c - ^ 0, T P becomes equal to T w , which may be expected 
from the fact that becomes identical to ty^ KB when a — > . 



4 Schrodinger Equation 



We will now examine a Schrodinger equation for Q . Suppose we substitute Eq. 
(15) into Eqs. (1), we obtain 



ti 2 



n-2 



° n I * n <9a 2a J 9a 



1 <9frp <9?/> 
a 2 ^ d(f) B d(f) B 



+ 



<9 2 ^ 1 <9V 



+ = , (35) 



2V"<9a 2 a 2 ^ 2 , 

where we have used the WKB approximation for the background wave function, 
that is H B ^o = . Using Eqs. (20) and (21), we can derive 



dib ( d d 



n 2 



2v n a 



n-2 



d 2 i) _ 15 2 f 

W ~ ^Wb 



,(36) 



d 
dT~ P 



c 2 n 09 d 



+ 



1 d6 d 



v n a n 2 da da v n a n d(p B d(f> B ' 

h 2 c 2 n nd P | i\ 

v n a n ~ 2 \pda 2a/ 
k 2 1 dp 



v n a n pd(f) B 

With Eqs. (22), (28) and (29), the last three equations become 



d 
dT P 



v n a 
,:2 



n-2 



dS , a 2 dS{\ d , k d 
da 



+ 



+ 



2 da J da v n a n d(f> B ' 



^ = 



v n a 

„2 



n-2 



■■ (?!£. + !. 

\da la 



2 c / 
(7 O f 



v„a" 



S' 



(37) 



In order to compare Eqs. (37) , we need following explicit expressions: 



S' 



dSo 
da 

ass 

da 



2nc r , 



-In 



e v a 2n + Kq — k 



e v a 2n + Kq + K / 



e 

c„a 



+ , 



€a&7)a 



2n-l 



c„(e„a 2ri + Kq)2 



da 

dip 
da 



CjiQj\J & v Qp° n ~"f~ Kq 

ne v a 2n ~ x 
~2(e v a 2n + Kl) ' 



(38) 



The WKB approximation for the background wave function is estimated in 
the appendix, and it requires (A2), which means 



n 



dSn 



da 



dip 



da 



(39) 



When a is large enough to satisfy (A4), the last equation in (38) gives |^ ~ — ^ . 



Hence we can obtain 



dSo 



da 



dp 1_ 

da 2a 



(40) 



and we can neglect the first term in F a compared to the first term in . 



Next let us examine the condition that the cr 2 -term in F a can be neglected 



than the first term in tJ^- . We must require 



dSo 
da 



> <r 



S, 



da 



(41) 
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and this means when a is large as in (A4) 



he v a 2n ^> (J z \ko\ 



+ 01 



(42) 



where we have used Eqs. (38). If \<f> B \ is small as in (A9) , this condition (42) 



yields 



a > 



;^)a/ p 3 j \ 



3 

> TlC n Gv 



(43) 



/ 



Here we have used the definition of Z P and l H in the appendix. Unless |0 S | is 
small as in (A10), we need 



\k.q\\4>b\ \ n (a , / Ml<fel /"2 1 / \ 



a > 



Finally consider the condition 

ft|/c | 3> cr 2 1 aS'q I 



(44) 



(45) 



so that we can neglect compared to the last term in . Suppose a is large 
as in (A4), the relation (45) means 



ft I «o I > O"' 



e a /co 



+ 



(46) 



When \<f) B \ is small as in (A9), this requires ft|/c | c a J^l n , which is satisfied 
in the region of (A7). When \<f> B \ is not small as in (A10), we need 



ft|/c | > o- 2 \4> B \ . 



(47) 



This is consistent with (A10) in the region of (A7). 

If a is large enough to satisfy (A4) - (A7), (All), (A14), (43) and (44) and 
if \(f) B \ is small enough to satisfy (47), F a , can be neglected than . In the 
case when the WKB approximation for the total wave function with ip is well 
justified, the last terms in the first equation of (36) can be also neglected, and 
we obtain an approximate Schrodinger equation for <p Q , namely 



dip 



(48) 
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5 Summary 



We considered a wave packet in quantum cosmology that is a superposition of the 
WKB wave functions, each of which has a definite momentum of a background 
scalar field 4> B . We showed that it is seriously difficult to trace the formalism 
of the WKB time and to define a time variable for the Schrodinger equation 
of a quantum matter field (f> Q without introducing a complex value for a time. 
Then we introduced a background phase time T P which is real and calculated 
its explicit expression when a is large and a is small. It has been shown that 
T P is a smooth extension of T w which is derived by a WKB form wave function 
and they become identical in the narrow limit of the wave packet. We found 
that, when a quantum matter field <p Q is coupled to the system, an approximate 
Schrodinger equation for <p Q holds with respect to T P in a region where the size 
a of the universe is large and \(p B \ is small. 
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Appendix : Estimation of Approximations 



We start from the action 



R-2A 



9 



IQnG --2W° d »*° + £* 



(Al) 



where A is a cosmological constant and C Q is a Lagrangian density for <p Q . This 
action yields the Wheeler-DeWitt equation (1). /,From Eq. (Al) we can see 
that the dimension of the scalar field is <p B ~ \ffd~^~ , where / has a dimension 
of length. Since k is the momentum for cf) B , k ~ y/hl 11 ^ 1 , and k and a have 
the same dimension. In our model the Planck length and the Hubble length are 
defined as l P = (Gh)~ and l H = , A = ' respectively. Then we have 

Hc n ~ yhlp 2 and ~ yhv n l~ l l f 



'A 

l-n 
2 

hp 



Now let us begin to estimate approximations used in §2 and §3. In order for 
the WKB approximation to be well justified, $ should vary slower than So , 
which means 



1 


dS 




1 d% 


1 




> 




h 


da 


$o da 


h 



dS 



1 <9$ 



$o d<p L 



(A2) 



Since = when 7 = 0, the second condition in (A2) is satisfied automatically. 
Using Eqs. (22) and (38), we find that the first condition of (A2) is 

(e v a 2n + /tg) ^ > hc n e v a 2n . (A3) 



To make discussion easy let us consider the case when a is large enough to satisfy 

(AA) 



a > 



In this case (A3) becomes 



a > 



V 



tir \ n // n_1 / \ n 
luLn \ 1 p \ 



(A5) 



So this condition is necessary for the WKB approximation. 



13 



Second we consider the neglect of the higher terms than (/c — k ) 2 in the 
expansion of /(/c) . This requires \ f" (kq)(k — kq) 2 \ 3> |/'"(/c )(/c — /co) 3 | when 
|/c - kq\ ~ <j . This condition is satisfied when 

r(«o) 



/ ff '(«o) 

which means in the case of (A4) that 



> |/t - k \ ~ (7 , 



a > 



i 

2n 



(A6) 



Here we have used Eqs. (22) and (38). 

Next let us examine the condition (24). In the case of (A4) we obtain from 
Eqs. (22) and (38) that a 2 \f"\ ~ £|S£'| ~ Rra< J^ a n • Therefore (24) requires 



a > 



<7 



(A7) 



Finally we estimate conditions (26), (27). In the case of (A4) the condition 
(26) gives 



+ 



When \6J is small and satisfies 



\ K o\ 



\<Pb\ < 



(A8) is satisfied by (A4). When \<p B \ is not small, that is 



(A8) 



(A9) 



> 



\ K o\ 



(A8) means 



a > 



'c n |/C O ||0 f 



|«o||0b| yn-ly \ n 



(A10) 



(All) 



In the case of (A4) the condition (27) requires 



+ 



'e v a r 



(A12) 
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When \4> B \ is small as in (A9), the condition (A12) becomes 



n-1 



>v^c n ~/p 2 , (A13) 



and when |0 B | satisfies (A10), the condition (A12) yields 

Since t> n a n is the spatial volume of our model, (A5) may be satisfied in the 

i i 

semiclassical region. If a is small and ^ is bigger than l p 2 as in (A13) but 
is not too big, (A4),(A6) and (A7) do not impose too severe restriction on a . 
When \(f> B \ ■ | /cq | — h , which is allowed by the uncertainty principle, the conditions 
(All) and (A14) are equivalent to (A5) and (A4), respectively So we can think 
that, when a is large and a is small, all the conditions in this appendix can be 
satisfied consistently. 
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